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Abstract
Homogenization method is used in the problem of layered array with a cylindrical cavity. Boundary conditions of two types are
considered on the surfaces of the layers: an ideal contact and slipping without exfoliation. The only body force is the own weight 
of an array.
Purpose of this article is to determine approximate values of elastic stresses in a given array. As a result, the array is modeled by 
a homogeneous transversely isotropic half-space.
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1. Introduction
Large engineering structures are often built on heterogeneous rocks. Multi-layer structures have been widely 
used in construction. Problems for inhomogeneous materials (materials containing alternating volumes of 
substances with different characteristics) often arise in many fields of engineering, mechanics and physics. In these 
problems partial differential equations, which describe the behavior of such materials, contain rapidly changing 
coefficients. To solve such problems we consider the material as macro–homogeneous, which satisfies averaged 
equations with constant effective coefficients. The resulting homogeneous media is often anisotropic.
Almost all rocks have anisotropy and layering expressed in varying degrees. The cause of their specific behavior
* Corresponding author. Tel.: +7(499)183-30-38.
E-mail address: tatyana2211@outlook.com
  The Authors. Published by Elsevi r Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the organizing committee of the XXV Polish – Russian – Slovak Seminar “Theoretical Foundation 
of Civil Engineering”.
104   Tatiana Bobyleva /  Procedia Engineering  153 ( 2016 )  103 – 106 
during deformation is their heterogeneity. This should be considered in the construction of various buildings on such 
tracts. For example, non-homogeneous bodies and methods of homogenization are considered e.g. [1-7]. 
2. Problem specification and decision
Let’s assume that a layered array consists of mutually alternating homogeneous layers of two elastic isotropic 
materials. The array is bounded by a horizontal plane. Homogeneous layers are located parallel to this plane. Array 
has a vertical cavity in the form of a cylinder of circular cross section of radius 0R extending from the boundary 
plane. The array and the cavity are assumed semi-infinite. The problem is to determine stresses in this array in case 
when the only body force is its weight.
Choose a cylindrical coordinate system ( , , )r zθ with an origin at the center of the upper circular cavity section 
and with z-axis directed vertically downwards.
As usual we denote by , ,r zθσ σ σ stress components, by , ,r ze e eθ strain components, by , ,r zu u uθ elastic
displacements, by ,λ μ Lame parameters, and by γ specific weight.
Suppose that a surface of the cavity is load-free, namely 0, 0r r z= =σ σ at 0r R= .
Conditions on a horizontal boundary surface are: 0, 0z r z= =σ σ at z = 0.  
Contact conditions on the horizontal boundaries of the layers are of the next form: 
• Ideal contact: two components of the displacement ,r zu u and the normal component of stress parallel the z
-axis zσ are continuous on all contact planes of the layers, i.e. [ ] 0,[ ] 0,[ ] 0r z zu u= = =σ .
• Slipping without exfoliation: component of the displacement zu and component of the stress zσ are 
continuous on all contact planes of layers, i.e., [ ] 0,[ ] 0z zu = =σ and shear stress on these planes is vanishing, i.e.
0r z =σ .
          As we said, the equilibrium equations for layered materials have rapidly changing periodic elastic 
modulus. This leads to the problem of determining an approximate solution with effective (constant for the entire 
array) elastic modulus. In addition, boundary problems on the periodic cell Y were solved. 
:{0 , ; 0 1}Y r z< θ < ∞ < < . Each cell Y consists of two layers with different mechanical characteristics. Existence 
and uniqueness of solutions have been proven in [1]. In this problem, elastic modulus ,λ μ and specific weight γ are 
periodic functions of a coordinate 
z
=ξ
ε
( ε is a cell period) and piecewise constant functions of this variable, i.e.:
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To determine effective values, the homogenization operator over the unit cell is applied [1, 2]
1
0
( )f f d= ∫ ξ ξ . (2)
As a result of homogenization we have a symmetric matrix of elastic modulus [2] 
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Next, it is natural to assume ( , ), 0, ( , ).r r z zu u r z u u u r zθ= = =      
As a result, we have got a transversely isotropic homogeneous medium with the elastic modulus (4).
Hooke's law for it looks as
11 12 13 ,r r zc e c e c e= + +θσ 13 13 33 ,z r zc e c e c e= + +θσ 44 .r z r zc eσ =                                                        (5)
We reverse (5), use (4), and have the following components of elastic compliance tensor 
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Note that equations (4) represent the case of ideal contact layers. The same formulae will be valid for a case   
of slipping without exfoliation, except two shear components 44 55 0.a a= =
Problem about stress distribution in an array of transversely isotropic material with a vertical cylindrical 
cavity  
having an isotropic plane perpendicular to the z-axis was solved earlier [8]:
( ) ( )2 2 2 213 130 0
11 12 11 12
1 , 1 , , 0.r z r z
a a
z R r z R r z
a a a aθ
σ γ σ γ σ γ σ− −= − = + = − =
+ +
(7)
We use (7) to solve the problem for layered array. After substituting (6) into (7) we have
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( ) ( )1 2 2 1 2 20 0( 2 ) 1 , ( 2 ) 1 , , 0.r z r zz R r z R r zθσ λ λ μ γ σ λ λ μ γ σ γ σ− − − −= − + − = − + + = − = (8)
The stress near the circumferential surface of the cavity ( 0r R= ,θ = const) will be  
12 ( 2 ) .zθσ λ λ μ γ−= − + (9)
Suppose liquid is inside the cavity. It acts on the surface of the cavity with the pressure qz . As a result, stresses 
in this case are as follows:
( )1 2 2 2 20 0( 2 ) 1 ,r z R r qR r zσ λ λ μ γ− − −= − + − − ( )1 2 2 2 20 0( 2 ) 1z R r qR rθσ λ λ μ γ− − −= − + + + . (10)
In other case a lateral surface of the cavity is rigidly fixed, for example, with pipe. So the boundary conditions 
are 0, 0r zu θ= σ = at 0r R= . Now the cavity has no effect on the stresses. They are the same as in an array without 
a cavity. On the wall of the pipe pressure will be
.
2r
z
λ
σ γλ μ= − +
(11)
By using (1), for example, equality (6), takes a form
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1 2
1 1 2 2
( 2 ) ( 2 )(1 )
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+ +
(12)
3. Conclusion
The stress state problem of the layered array was considered. Each layer consists of an isotropic material. The 
array has a vertical cylindrical cavity. Method of homogenization of elastic modulus and of specific weight was
used. We have got an anisotropic array with effective elastic modulus. As a result, in this paper we obtained stress 
distribution for various boundary conditions and contact conditions between the layers. The following research will 
suggest a solution to this problem, additionally taking into account the creep of layered material.
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